We study nonlinear boundary value problems arising in the deformation theory of plasticity. These problems include 3D mixed problems related to nonlinear Lame system, elastoplastic bending of an incompressible hardening plate, and elastoplastic torsion of a bar. For all these different problems, we present a general variational approach based on monotone potential operator theory and prove solvability and monotonicity of potentials. The obtained results are illustrated on numerical examples.
Introduction
We present a general variational approach for boundary value problems related to deformation theory of plasticity, based on the theory of monotone potential operators. The fundamentals of deformation theory of plasticity for homogeneous isotropic deformable materials have been given in [9, 10] , and then developed by many authors [2, 4, 15] . According to the main assumption of the deformation theory, if a loading is small and close to simple loading, then the relationship between strain e i and stress σ i intensities can be described by the function (deformation curve, Figure 1 .1)
which satisfies the following conditions: (a1) σ i ∈ C 1 (0,e * i ); dσ i /de i > 0 (monotonicity), (a2) dσ i /de i > σ i /e i ≤ 0, for all e i ∈ (0,e * i ) (concavity), (a3) there exist e 0 i ∈ (0,e * i ), σ i (e i ) = 3Ge i , for all e i ∈ (0,e 0 i ) (pure elastic deformations). ε(u) = {ε i j (u)} and e(u) = {e i j (u)} are tensor and deviator of deformation, respectively, G = μ modulus of rigidity, e 0 i > 0 elasticity limit of a deformable material, u(x) = (u 1 (x 1 , x 2 ,x 3 ),u 2 (x 1 ,x 2 ,x 3 ),u 3 (x 1 ,x 2 ,x 3 )) is a displacement vector and δ i j -Kronecker delta (the summation convention from 1 to 3 will be employed throughout).
Monotonicity of nonlinear problems
We denote by A a nonlinear differential operator related to a plasticity problem, and assume that A is defined on a Hilbert space H. Let a(u;u,v) be the corresponding bounded nonlinear functional defined on
Then the weak solution u ∈ H of the nonlinear operator equation
will be defined as follows: 5) where l(v) = F,v . We say that the operator A is a potential one if there exists a functional
The functional
will be defined as a potential of the nonlinear problem (1.4). According to the Browder-Minty theorem [5, 16] , if a potential operator is radially continuous (hemicontinuous), strongly monotone, and coercive, then the nonlinear problem (1.4) (or (1.5)) has a unique solution u ∈ H. The first main result of this study is that the monotonicity and concavity conditions (a1)-(a2) imply strong monotonicity of the plasticity operators of all the considered three problems related to nonlinear Lame system, elastoplastic bending of an incompressible hardening plate, and elastoplastic torsion of a bar. As a result, it is proved that these physical assumptions are exacly sufficient for existence and uniqueness of solutions of the above problems. Hence, the BrowderMinty theorem can be extended to the nonlinear boundary value problems arising in the deformation theory.
For the considered class of nonlinear operators, the functional a(u;·,·) is a symmetric bilinear form defined on H × H. Taking into account this circumstance, we linearize the nonlinear problem (1.5), according to [7] , as follows:
where u 0 ∈ H is an initial iteration. It is proved in [9] that if the convexity argument
is satisfied for the monotone potential operator A, then the following convergence estimate holds: 10) and moreover the sequence of potentials {Π(u (n) )} is a monotone decreasing one. Here γ 1 > 0 is a monotonicity constant, that is, 11) and γ 2 > 0 is the above boundedness constant. As a second important result, we prove that the concavity condition (a2) is a sufficient condition for the fulfillment of the convexity argument (1.9). As a result, we show monotonicity of the iteration scheme and obtain the same sufficient condition for convergence of the iteration process, for all the above nonlinear problems. The organization of the remaining part of this paper is as follows. In Section 2, we review the deformation theory of plasticity and describe some important properties of plasticity function g = g(e 2 i ). In Section 3, we prove that the conditions (a1)-(a3) are sufficient for potentialness and monotonocity of nonlinear operators of the deformation theory of plasticity. As a result, by the Browder-Minty theorem, we obtain existence theorems for all the considered nonlinear problems. Section 4 is devoted to linearization of 4 Monotonicity of nonlinear problems nonlinear problems. We prove that the concavity and monotonocity conditions (a1)-(a2) are sufficient for fulfillment of the convexity argument (1.9). Based on this result, we construct a monotone iteration scheme for all nonlinear problems and prove its convergence.
Physical model
By the way of introduction, we review Il'yusin-Kachanov model of deformation theory of plasticity which will be used here. First, we consider elastoplastic deformation of 3D homogeneous isotropic deformable material. In this model, one seeks the unknown displacement vector u(x) = (u 1 (x),u 2 (x),u 3 (x)), satisfying the following nonlinear boundary value problem in R 3 :
where
) are source and surface vectors, respectively,
and n = (n 1 ,n 2 ,n 3 ) is the unit outward normal vector to the smooth surface Γ 1 of the body Ω ⊂ R 3 . According to this theory, the elastoplastic properties of a material under a simple loading can be described by the deformation curve (1.1) in the form 
(see, [10, 11] ):
. Note that ξ 0 > 0 corresponds to the elasticity limit ξ 0 = (e 0 i ) 2 . The relationship between the stress tensor σ = {σ i j } and deviator of deformation e = {e i j } is given as follows:
or, by using the relationship e i j (u)
Here K = λ + (2/3)μ is the modulus of volumetric expansion, G = μ is the modulus of rigidity, and λ > 0 and μ > 0 are the Lame constants. By using relationship (2.4), we can Alemdar Hasanov 5 rewrite the nonlinear Lame system (2.1) in the form of the plasticity operator
in terms of independent variables displacements. Consider now the elastoplastic deformation of a plate with the thickness l > 0. According to the deformation theory of plasticity, the stress-strain relationship between deviators of deformation ε D = {ε
, is given by the Hencky correlation (see, [10, 17] ):
As a result, the relationship between the intensities of shift strain Γ = (2ε
is obtained by the following formula:
Let us assume that the plane Ox 1 x 2 is a middle plane for the considered plate in the coordinate system Ox 1 x 2 x 3 . In this case, the intensity of shift strain is defined as follows:
where u = u(x 1 ,x 2 ) is the deflection of the middle surface of the plate and x 3 is the coordinate, which is perpendicular to the plate. We now introduce the dependent variable 9) and following [12] , employ the average function
instead of the plasticity function g = g(ξ 2 ). The function g = g(ξ 2 ) describes the elastoplastic behavior of a deformable plate and usually is called the modulus of plasticity. In terms of these transformations, the general relationship (2.7) can be rewriten as follows:
The dependence (2.11) is determined from experiment, and describes the stress-strain state of increasingly hardening materials. 
, where c i are positive constants. Indeed, condition (i2) follows from the monotonicity condition dT/dξ ≥ α 1 > 0; condition (i3) follows from the concavity of function (2.7), since the slope of the tangent is smaller than the slope of the secant, that is,
Finally, condition (i4) means that elastic deformations precede plastic one. Thus within the range of the above theory, the equation of elastoplastic bending problem for an incompressible strain hardening plate with rigid clamped boundary takes the form [12] 
where Ω is a bounded domain occupied by the middle surface of a plate with a piecewise smooth boundary ∂Ω, and F(x) = q(x)/D is a value proportional to the external normal load q = q(x).
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Finally, consider the problem of elastoplastic torsion of a cylindrical bar [10, 13] . The governing equation of torsional elastoplastic deformation of the cylindrical bar with rigid clamped torsional session has the form
where Ω is the cross-section of the bar, Θ is the angle of twist per unit length, u = u(x 1 ,x 2 ) is Prandtl's stress function, and
is the stress intensity. The stress-strain relationship between deviators is again described by the Hencky correlation (2.11) and the plasticity function satisfies the conditions (i1)-(i4). Thus in all the above nonlinear boundary value problems, the coefficient g = g(ξ 2 ) satisfies either conditions (i)-(iii), or conditions (i1)-(i4), which follow from the monotonicity and concavity conditions (a1)-(a3).
Potentialness and monotonicity of plasticity operators: existence theorems
First, we consider the nonlinear problem (2.1)-(2.5). Let us define a weak solution u ∈ 0 H 1 (Ω) of this problem, multiplying both sides of (2.5) to the function v∈ 0 H 1 (Ω), integrating on Ω, and using the boundary conditions (2.1). 
It is easy to verify that a(u;·,·) :
is a symmetric bilinear form. Let us now introduce the functional
Calculating the first Gateaux derivative
, and using the definition e 2 i (u) = (2/3)e i j (u)e i j (u), we get
Then we use the identity e i j (u)e i j (v) = e i j (u)ε i j (v) and rewrite the above integral as follows:
Therefore, by definition of the potential, we obtain the following lemma.
defined by (3.4), is a potential of the plasticity operator A, given by (2.5).
Remark 3.2. As we will see below, form (3.3) of the nonlinear functional a(u;u,v) is also convenient for the iteration process.
It follows from the above lemma that the corresponding functional Π(u) defined by (1.7) will be a potential of the problem (2.1)-(2.5).
Now we show that the plasticity operator A is radially continuous (hemicontinuous), that is, the real-valued function 
(3.9)
Going to the limit t n → t on the right-hand side of the above equality and using continuity of the function ψ(t) = g(e Proof. Based on the equivalence of the strong monotonicity of the potential operator and positivity of its potential, let us calculate the second Gateaux derivative of the functional J(u) defined by (3.4): 
This implies the proof.
Corollary 3.5. Since A0 = 0, from strong monotonicity of the operator A follows also its coercivity.
Thus the potential operator is radially continuous, strongly monotone, and coercive. Then by the Browder-Minty theorem, we have the following existence theorem. 
Multiplying (2.13) by v ∈ 0 H 2 (Ω), integrating on Ω, and using boundary conditions, we obtain the following integral identity:
is a bilinear form. For the function u ∈ 0 H 2 (Ω) satisfying the integral identity (3.13) for all v ∈ 0 H 2 (Ω), we define a weak solution of the nonlinear problem (2.13). Taking into account the nonlinear equation (2.13) and formula (2.9), we may define the nonlinear functional a(u;u,v) = Au,v as follows: 
